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Abstract
Let G be a nilpotent discrete group and Prim(C∗(G)) the primitive ideal space of the group C∗-algebra
C∗(G). If G is either finitely generated or has absolutely idempotent characters, we are able to describe
the hull-kernel topology on Prim(C∗(G)) in terms of a topology on a parametrizing space of subgroup-
character pairs. For that purpose, we introduce and study induced traces and develop a Mackey machine
for characters. We heavily exploit the fact that the groups under consideration have the property that every
faithful character vanishes outside the finite conjugacy class subgroup.
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0. Introduction
Let G be a nilpotent discrete group and C∗(G) its group C∗-algebra. The primitive ideal space
Prim(C∗(G)) of C∗(G), equipped with the hull-kernel topology, has been investigated by many
authors during the past thirty years (see [2–5,8,18,21,22,26]). When G is abelian, Prim(C∗(G))
is homeomorphic to the dual group Ĝ of G, where Ĝ carries the topology of pointwise con-
vergence. For nilpotent discrete groups G, the set Ch(G) of all characters (extremal normalized
positive definite central functions) of G turned out to be an appropriate substitute for Ĝ. The
Gelfand–Naimark–Segal construction assigns to each character φ of G a factor representation πφ
of C∗(G). The kernel I (φ) of πφ is a primitive ideal of C∗(G) and every primitive ideal arises in
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onto Prim(C∗(G)) is always injective. However, k was shown to be injective when G is finitely
generated [21] (in fact, in the more general situation where the quotient group of G modulo the
finite conjugacy class subgroup has finite rank [8]) or when G is a nilpotent AIC group, a group
with absolutely idempotent characters [5] (see Section 3 for the definition). The latter class com-
prises all 2-step nilpotent groups and all divisible nilpotent groups [8]. If Ch(G) is equipped with
the topology of pointwise convergence, the map k cannot be open unless G is a group with finite
conjugacy classes. The right topology to be considered on Ch(G), is the so-called facial topology
on the set Ch(G) of extreme points of the convex set Tr(G) of all normalized traces of G. Indeed,
with this topology on Ch(G), the map k is always continuous [5], and it is a homeomorphism
if G is either finitely generated [22] or an AIC group [5].
For 2-step nilpotent (locally compact) groups G, in [3,4] the topology on Prim(C∗(G)) was
described in terms of a topology on a parametrizing set of pairs (H,ϕ) of normal subgroups H
of G and multiplicative characters ϕ of H . This approach was patterned on Fell’s [12] subgroup-
representation pair topology which, together with the theory of induced representations and the
Mackey machine, allows to determine the topology on the dual spaces of large classes of type I
groups.
In this spirit, for nilpotent discrete groups G, the relationship between Ch(G) and Prim(C∗(G))
suggests to introduce the concept of induced traces, to try to realize characters of G as traces
induced from characters of proper subgroups (the “little groups”) and to describe the hull-kernel
topology on Prim(C∗(G)) (respectively, the facial topology on Ch(G)) by means of a topology
on a parametrizing set of pairs of subgroups and characters. To do exactly this is the purpose of
our investigation.
After introducing necessary notation, we associate in Section 1 to a subgroup H of G and a
trace ϕ of H the induced trace indGH ϕ. We prove a result on induction in stages (Proposition 1.4)
and briefly discuss the question to what extent the processes of inducing traces and forming
GNS-representations commute (Proposition 1.7). Our concept of inducing traces is designed
for the class of so-called centrally inductive nilpotent groups [8], a class which contains, for
instance, all finitely generated nilpotent groups and also all nilpotent AIC groups. It turns out
that a nilpotent group is centrally inductive if and only if every character of G is induced from
a multiplicative character of some subgroup of G (Theorem 1.6). In Section 2 we develop a
Mackey machine for characters of centrally inductive nilpotent groups. Starting with appropriate
normal subgroups N of G, we show that if ψ ∈ Ch(N) and ϕ is a character of the stability
group Sψ of ψ , then indGSψ ϕ is a character of G, and every character of G arises in this manner
(Theorem 2.5). We also obtain a criterion in terms of ϕ for when two such induced characters
coincide (Theorem 2.8).
This Mackey analysis for characters leads to parametrizations of Ch(G) (respectively,
Prim(C∗(G))). We introduce a topology on a large space Q(G) of subgroup-character
pairs (H,ϕ). The two classes of groups that are most tractable in this context, are the nilpo-
tent AIC groups on the one hand and the finitely generated nilpotent groups on the other. The
former class admits a particularly simple subspace P(G) of Q(G) with the property that the
map (H,ϕ) → I (indGH ϕ) from P(G) to Prim(C∗(G)) is a homeomorphism for the relative
topology on P(G) (Theorem 3.5). Treating finitely generated nilpotent groups requires consid-
erably more effort, and this occupies a major portion of Section 3. For such groups G, the map
(H,ϕ) → I (indGH ϕ) from Q(G) to Prim(C∗(G)) is continuous and open (Theorem 3.6), and
Prim(C∗(G)) turns out to be homeomorphic to a quotient space of some subspace of Q(G)
(Theorem 3.10).
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We first introduce some notation that will be used throughout the paper. In doing so, we shall
adopt notation from [5,8] whenever appropriate. For a group G, Z(G) = Z1(G) ⊆ Z2(G) ⊆ · · ·
will denote the ascending central series of G and Gf the normal subgroup consisting of all
elements with finite conjugacy classes. Recall that G is said to be n-step nilpotent if Zn(G) = G.
For the structure and basic properties of nilpotent groups we refer to [6,27]. If A and B are
subsets of G, we write [A,B] for the set of all commutators [a, b] = aba−1b−1, a ∈ A, b ∈ B ,
and CG(A) for the centralizer of A in G. Moreover, [G : H ] will denote the index of a subgroup
H of G and |A| the number of elements of a finite set A.
Let P(G) be the set of all positive definite functions φ on G such that φ(e) = 1. For φ ∈ P(G),
the kernel K(φ) = {x ∈ G: φ(x) = 1} is a subgroup of G, and φ is said to be faithful
if K(φ) = {e}. If H is a subgroup of G and ϕ ∈ P(H), then ϕ˜ or ϕ∼ will denote the trivial
extension of ϕ to all of G, that is, the positive definite function on G defined by ϕ˜(x) = ϕ(x)
for x ∈ H and ϕ˜(x) = 0 for x ∈ G \ H . Moreover, for x ∈ G, ϕx ∈ P(x−1Hx) is defined by
ϕx(y) = ϕ(xyx−1), y ∈ x−1Hx. For a normal subgroup N of a group G, let Tr(N,G) be the
convex set of all ϕ ∈ P(N) satisfying ϕ(x−1yx) = ϕ(y) for all x ∈ G and y ∈ N . Let Ch(N,G)
denote the set of all extreme points of Tr(N,G) (that is, those ϕ which cannot be written as a
convex combination of two different elements of Tr(N,G)). In case N = G we simply write
Tr(G) for Tr(G,G) and Ch(G) for Ch(G,G). The elements of Tr(G) and of Ch(G) are called
traces and characters, respectively. A multiplicative character is a homomorphism of G into the
circle group T. To φ ∈ Tr(G) we associate the normal subgroups
Z(φ) = {x ∈ G: xK(φ) ∈ Z(G/K(φ))}
and
Gf (φ) =
{
x ∈ G: xK(φ) ∈ (G/K(φ))
f
}
.
The basic theory of characters was developed in [29] and was utilized to show that a discrete
group is of type I (if and) only if it has an abelian subgroup of finite index. Every character of G
restricts to an element of Ch(N,G) [29, Lemma 14], and every element of Ch(N,G) arises in
this manner.
The set Tr(N,G) is convex and compact for the topology of pointwise convergence on N
and actually forms a Choquet simplex [29,30]. Thus, given, φ ∈ Tr(N,G), there exists a unique
positive and normalized boundary measure μφ on Tr(N,G) such that
φ(x) =
∫
ϕ(x)dμφ(ϕ) for all x ∈ N
(see [1, Theorem II.3.6]). The measure μφ is always supported on the closure Ch(N,G)
of Ch(N,G) in Tr(N,G), and μφ(Ch(N,G)) = 1 when N is countable and hence Tr(N,G)
is metrizable [1, Proposition I.4.6 and Corollary I.4.13].
We now introduce the notion of an induced trace. Let H be a subgroup of G and let ϕ ∈ Tr(H).
For x ∈ G, let Ax be a representative system for the left cosets of CG(x) in G. Moreover, let
Hϕ =
{
h ∈ H : xhx−1 ∈ H and ϕ(xhx−1)= 1 for all x ∈ G}.
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φϕ(x) = 0 if x /∈ Gf and
φϕ(x) =
[
G : CG(x)
]−1 ∑
a∈Ax
ϕ˜
(
axa−1
)
for x ∈ Gf . Of course, this definition is independent of the choice of Ax . Then φϕ is a central
function on G. In fact, if x ∈ Gf and y ∈ G, then Axy−1 is a coset representative system for
yCG(x)y
−1 = CG(yxy−1), and this implies that φϕ(yxy−1) = φϕ(x).
We check next that φϕ is positive definite. For that, since φϕ = φ˜ϕ |Gf , it suffices to show that
φϕ |Gf is positive definite. Let x1, . . . , xn ∈ G and λ1, . . . , λn ∈ C, and let N be a normal sub-
group of finite index in G such that N ⊆ CG(xj ) for 1 j  n, and choose a coset representative
system A for N in G. Then
n∑
i,j=1
λiλjφϕ
(
y−1j yi
)= [G : N ]−1∑
a∈A
(
n∑
i,j=1
λiλj ϕ˜
(
ay−1j yia
−1))
= [G : N ]−1
∑
a∈A
(
n∑
i,j=1
λiλj ϕ˜
((
ayja
−1)−1(ayia−1)))
 0,
as required. Now drop the hypothesis that Hϕ = {e} and let q :G → G/Hϕ be the quotient ho-
momorphism. Define ψ on H/Hϕ by ψ(hHϕ) = ϕ(h), h ∈ H , and φϕ on G by φϕ = φψ ◦ q .
Then φϕ ∈ Tr(G) since φψ ∈ Tr(G/Hϕ).
Definition 1.1. Let H be a subgroup of G and ϕ ∈ Tr(H). The trace φϕ defined above is called the
induced trace and denoted by indGH ϕ. It is obvious that ind
G
x−1Hx ϕ
x = indGH ϕ for every x ∈ G.
Lemma 1.2. Let H be a subgroup of G and ϕ ∈ Tr(H). Then
(i) Hϕ = K(indGH ϕ);
(ii) if F = {x ∈ H : xHϕ ∈ (G/Hϕ)f }, then indGH ϕ = indGF (ϕ|F ).
Proof. (i) Observe that, retaining the above notation, φϕ = φψ ◦ q . Therefore we can assume
that Hϕ = {e}. Then φϕ(x) = 1 implies that x ∈ Gf and
1 = [G : CG(x)]−1 ∑
a∈Ax
ϕ˜
(
axa−1
)
.
Since |ϕ˜(y)| 1 for all y ∈ G, it follows that ϕ˜(axa−1) = 1 for all a ∈ G. Thus x ∈ Hϕ = {e}.
(ii) Since Hϕ = Fϕ|F , by definition indGH ϕ(x) = 0 = indGF (ϕ|F )(x) when xHϕ /∈ (G/Hϕ)f .
Thus let x ∈ G such that xHϕ ∈ (G/Hϕ)f , and as above let ψ ∈ Tr(H/Hϕ) such that φϕ =
φψ ◦ q . Let A be a finite subset of G such that the elements aHϕ , a ∈ A, form a representative
system for the left cosets of CG/Hϕ (xHϕ) in G/Hϕ . Then, since (H/Hϕ)ψ is trivial,
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[
G/Hϕ : CG/Hϕ (xHϕ)
]−1∑
a∈A
ψ˜
(
axa−1Hϕ
)
= [G/Hϕ : CG/Hϕ (xHϕ)]−1∑
a∈A
ψ˜ |H/Hϕ
(
axa−1Hϕ
)
= φψ |H/Hϕ (xHϕ).
This implies that
φϕ(x) = (φψ ◦ q)(x) = φψ(xHϕ) = φψ |H/Hϕ (xHϕ) = (φψ |H/Hϕ ◦ q)(x)
= φϕ|H (x),
as was to be shown. 
Induced traces were first introduced, using invariant means on the space of bounded functions,
for 2-step nilpotent groups in [28]. Proposition 1.5 below, which generalizes Theorem 4.7 of [28],
in particular shows that the two definitions coincide when G is 2-step nilpotent. Following [8],
we call a nilpotent group centrally inductive if every character φ of G vanishes outside of Gf (φ).
The class of centrally inductive groups includes:
(1) all nilpotent groups with absolutely idempotent characters, in particular all 2-step nilpotent
groups (see Section 3);
(2) all countable nilpotent groups G with the property that G/Gf has finite rank [8, Theo-
rem 4.5], and thus in particular all finitely generated nilpotent groups.
On the other hand, in [8, Section 5] a 5-step nilpotent group was constructed which is not
centrally inductive. Our definition is clearly designed for centrally inductive nilpotent groups
and therefore is appropriate for our purposes. It, moreover, has the advantage that the induced
trace is simply computable. However, the following two remarks indicate that it is not satisfactory
when aiming at greater generality.
Remark 1.3. (1) If G is centrally inductive, it is easily verified that indGG ϕ = ϕ for any ϕ ∈ Ch(G).
However, this equality may fail if ϕ is merely a trace on G, even when G is 2-step nilpotent.
This can be seen by taking for G the integer Heisenberg group and for ϕ a convex combination
ϕ = c1ϕ1 + c2ϕ2, where ϕ1 is a linear character and ϕ2 is induced from a faithful character of the
centre of G.
(2) Suppose that G is not centrally inductive, so that it admits a character φ that does not
vanish outside of Gf (φ). Then indGG φ = φ.
We proceed by showing that our notion of induced traces behaves well under inducing in
stages.
Proposition 1.4. Let H and K be subgroups of G such that H ⊆ K and K is normal in G. Then,
for ϕ ∈ Tr(H),
indGH ϕ = indGK
(
indKH ϕ
)
.
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yxy−1 ∈ K and indKH ϕ(yxy−1) = 1. But it is easily verified that this forces yxy−1 ∈ H and
ϕ(yxy−1) = 1 for all y ∈ G. Thus K(ψ) = Hϕ , and to prove the proposition we can assume that
this normal subgroup of G is trivial.
Then, by the definition of induced traces, both indGH ϕ and ind
G
K ψ vanish outside Gf ∩ K .
Now, fix x ∈ Gf ∩ K . Let A be a left coset representative system for CG(x) in G and, for each
a ∈ A, let Ba be a left coset representative system for CK(axa−1) in K . Let Y =⋃a∈A(Ba ×{a})
and consider the surjective map f : (b, a) → baCG(x) from Y to G/CG(x). It is easily verified
that the inverse image of every point in G/CG(x) has exactly [K : CK(x)] elements. It follows
that
indGK ψ(x) =
[
G : CG(x)
]−1∑
a∈A
ψ
(
axa−1
)
= [G : CG(x)]−1∑
a∈A
[
K : CK
(
axa−1
)]−1( ∑
b∈Ba
ϕ˜
(
baxa−1b−1
))
= |Y |−1
∑
y∈Y
ϕ˜
(
yxy−1
)
= [G : CG(x)]−1∑
a∈A
ϕ˜
(
axa−1
)
= indGH ϕ(x).
This proves the proposition. 
Proposition 1.5. Let H be a normal subgroup of G which is contained in Z2(G). Let ϕ ∈ Tr(H)
be such that ϕ(xz) = ϕ(x)ϕ(z) for all x ∈ H and z ∈ Z(G) ∩ H . Then indGH ϕ(x) = ϕ(x) if
x ∈ H is such that ϕ([x,G]) = {1} and indGH ϕ(x) = 0, otherwise.
Proof. Let φ = indGH ϕ. Then φ(x) = 0 for all x ∈ G\H since H is normal in G. Thus it suffices
to prove the statement for x ∈ H . Assume first that ϕ([x,G]) = {1}. Then, since [x,G] ⊆ Z(G),
[x,G] ⊆ Hϕ and hence ϕ(yxy−1) = ϕ(x) for all y ∈ G since |ϕ(a) − ϕ(b)|  2|ϕ(ab−1) − 1|
for all a, b ∈ G. By definition of φ, φ(x) = ϕ(x).
Conversely, let x ∈ H be such that ϕ([x,G]) = {1}. Since, by definition of φ, φ(x) = 0 when-
ever xHϕ /∈ (G/Hϕ)f , it suffices to consider x ∈ H such that xHϕ ∈ (G/Hϕ)f . Since x ∈ Z2(G),
[G,x] ⊆ Z(G)∩H and hence the map h :y → [y, x] is a homomorphism from G into Z(G) and
ϕ
(
yxy−1
)= ϕ([y, x]x)= ϕ(x)ϕ(h(y))
for all y ∈ G. Let A be a finite subset of G such that the set of all aHϕ , a ∈ A, is a left coset
representative system for CG/Hϕ (xHϕ) in G/Hϕ . Then
|A|φ(x) =
∑
ϕ
(
axa−1
)= ϕ(x) ∑ ϕ(z).
a∈A z∈h(A)
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ϕ([x,G]) = {1}, the function z → ϕ(z) is effectively a non-trivial character of h(G)/
(Hϕ ∩ h(G)). It follows that ∑z∈h(A) ϕ(z) = 0 and hence φ(x) = 0. 
Let N be a normal subgroup of a discrete group G and for x ∈ G, let αx :N → N de-
note the inner automorphism y → x−1yx of N . Let InnG(N) = {αx : x ∈ G} and denote by
InnG(N) the closure of InnG(N) in the topological group Aut(N) of all automorphisms of N .
Recall that, since N is discrete, a neighbourhood basis of α ∈ Aut(N) is given by the sets
{β ∈ Aut(N): β(x) = α(x) for all x ∈ F }, where F is any finite subset of N (see [17, Sec-
tion 26]). Now assume that N is contained in Gf . Then Γ = InnG(N) is compact, and to any
ϕ ∈ P(G) we can associate ϕG ∈ Tr(N,G) defined by
ϕG(x) =
∫
Γ
ϕ
(
γ (x)
)
dγ = [G : CG(x)]−1 ∑
a∈Ax
ϕa(x),
x ∈ N , where dγ denotes normalized Haar measure on Γ . If ϕ ∈ Ch(N) then ϕG ∈ Ch(N,G),
and conversely every element of Ch(N,G) is of the form ϕG for some ϕ ∈ Ch(N) (see [24,30]).
Note that if H is a subgroup of G containing N , then (ϕH )G = ϕG. Furthermore, the elements
of Ch(N,G) can be characterized by a functional equation [30], which in particular shows that
Ch(N,G) is closed in Tr(N,G).
The following theorem can be rephrased by saying that a nilpotent group G is centrally induc-
tive if and only if every character of G is monomial. In the proof as well as later in the paper we
shall utilize a consequence of [25, Theorem]: if φ is a trace of a nilpotent group with the property
that φ|Z(G) is a faithful character of Z(G), then φ(x) = 0 for all x ∈ G \ CG(Z2(G)).
Theorem 1.6. Let G be a nilpotent group. Then the following two conditions are equivalent:
(i) Every character φ of G vanishes outside of Gf (φ).
(ii) For every character φ of G there exist a subgroup H of G and a multiplicative character ϕ
of H such that φ = indGH ϕ.
Proof. (ii) ⇒ (i) follows immediately from the definition of induced traces.
For (i) ⇒ (ii), we can assume that φ is faithful, so that φ = φ˜|Gf by (i). Since φ|Gf ∈
Ch(Gf ,G), there exists ρ ∈ Ch(Gf ) such that
φ(x) = [G : CG(x)]−1 ∑
a∈Ax
ρ
(
axa−1
)
for all x ∈ Gf . Then φ = indGGf ρ and hence, by inducing in stages (Proposition 1.4), it suffices
to prove (ii) for nilpotent groups with finite conjugacy classes.
We now prove (ii) by induction on the degree of nilpotency of G. Again we can assume
that ρ is a faithful character. Let K = CG(Z2(G)). By the result of [25] mentioned above,
ρ vanishes outside of K , which is a normal subgroup of G of smaller degree of nilpotency.
Since K ⊆ Gf = G, there exists ψ ∈ Ch(K) such that ρ|K = ψG. Then ρ = indG ψ , and by theK
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that ψ = indKH ϕ. Since K is normal in G, it follows by inducing in stages (Proposition 1.4) that
φ = indGGf ρ = indGGf
(
indGfK ψ
)= indGGf (indGfK (indKH ϕ))= indGH ϕ.
Hence (ii) holds. 
For a positive definite function φ of G, πφ will denote both the cyclic unitary representation
of G and the cyclic ∗-representation of C∗(G) arising from the Gelfand–Naimark–Segal con-
struction. We set I (φ) = kerπφ , the C∗-kernel of πφ . It is well known that if H is a subgroup
of G and ϕ ∈ P(H), then indGH πϕ is equivalent to πϕ˜ [7].
We continue by briefly discussing the relation between the processes of inducing traces and
forming GNS-representations. We remind the reader that if S and T are sets of unitary represen-
tations of G, then S is weakly contained in T (S ≺ T ), if ⋂{kerσ : σ ∈ S} ⊇⋂{ker τ : τ ∈ T }.
S and T are weakly equivalent (S ∼ T ) if S ≺ T and S  T . We shall use in the sequel that if
G is amenable, then π ≺ indGH (π |H ) for every representation π of G and subgroup H of G [15,
Theorem 5.1].
Appropriate accounts of representation theory and weak containment properties are [9,12].
Proposition 1.7. Let H be a subgroup of G, ϕ ∈ Tr(H) and let φ = indGH ϕ. Then πφ  indGH πϕ.
In particular, if φ is a character, then πφ ∼ indGH πϕ .
Proof. Recall that K(φ) = Hϕ and denote this normal subgroup by K and let q :G → G/K
denote the quotient homomorphism. Define φ′ on G/K and ϕ′ on H/K by φ′(xK) = φ(x) and
ϕ′(hK) = ϕ(h) for x ∈ G and h ∈ H , respectively. Then φ′ = indG/KH/K ϕ′, φ = φ′ ◦ q and
indGH ϕ = indGH (ϕ′ ◦ q) =
(
indG/KH/K ϕ
′) ◦ q.
Suppose we have shown that πφ′  indG/KH/K φϕ′ . Then it follows that
πφ = πφ′ ◦ q 
(
indG/KH/K πϕ′
) ◦ q = indGH (πϕ′ ◦ q) = indGH πϕ.
Thus we can assume that φ is faithful. Then, with N = Gf , φ = φ˜|N and hence πφ = πφ˜|N =
indGN πφ|N . For all x ∈ N , we have
φ(x) =
∫
Γ
(ϕ|H∩N)∼
(
γ (x)
)
dγ,
where dγ denotes normalized Haar measure on Γ = InnG(N). For every x ∈ N and ξ and η
in the Hilbert space of the representation π(ϕ|H∩N )∼ , the function γ → 〈π(ϕ|H∩N )∼(x)ξ, η〉 is
continuous on Γ . This implies that
πφ|N  π(ϕ|H∩N )∼ = indNH∩N πϕ|H∩N .
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amenable. By the theorem on inducing in stages for representations and since inducing preserves
weak containment, we obtain
πφ = indGN(πφ|N )  indGN
(
indNH∩N πϕ|H∩N
)
= indGH∩N(πϕ|H∩N ) = indGH
(
indHH∩N πϕ|H∩N
)
= indGH
(
indHH∩N(πϕ |H∩N)
)
 indGH πϕ.
Finally, if φ is a character, then kerπφ ∈ Prim(C∗(G)) and hence πφ ∼ indGH πϕ since
Prim(C∗(G)) is a T1-space [26]. 
2. Mackey analysis for characters
In order to develop a Mackey machine (“little group method”) for characters it appears to be
best to start with a normal subgroup N of G such that the stability groups
Sψ =
{
y ∈ G: ψ(yny−1)= ψ(n) for all n ∈ N},
ψ ∈ Ch(N), are normal in G. Both these requirements are fulfilled whenever N ⊆ Z2(G). In-
deed, the following lemma turns out to be useful.
Lemma 2.1. Let N be a normal subgroup of G which is contained in Z2(G) and let ψ be a
character of N .
(i) The stability group Sψ of ψ is normal in G. In fact,
Sψ =
{
y ∈ G: ψ([y, x])= 1 for all x ∈ N such that ψ([x,N ])= {1}}.
(ii) Let φ be a trace on G, and suppose that φ and ψ agree on N ∩ Z(G) and that |φ(x)| = 1
for all elements x of
Z(φ) = {y ∈ G: yK(φ) ∈ Z(G/K(φ))}.
Then φ vanishes outside of Sψ .
Proof. (i) Let
B = {z ∈ N ∩Z(G): ψ(z) = 1} and A = {x ∈ N : [x,N ] ⊆ B}.
Then A/B is normal in G/B , and hence C = {x ∈ G: [x,A] ⊆ B} is normal in G. It therefore
suffices to show that Sψ = C. Recall that, by the definition of B and A, |ψ(a)| = 1 for all a ∈ A
and ψ(x) = 0 for all x ∈ N \A. Thus, for y ∈ G and a ∈ A,
ψ
(
yay−1
)= ψ(a[a−1, y])= ψ(a)ψ([a−1, y]),
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which in turn is equivalent to y ∈ C.
(ii) Let φ ∈ Tr(G) satisfy the hypotheses of (ii), and let K = K(φ) and M = NK . Define φ′
on G/K and ψ ′ on M/K by φ′(xK) = φ(x) and ψ ′(yK) = ψ(y) for x ∈ G and y ∈ N , respec-
tively. Then ψ ′ ∈ Ch(M/K), φ′ ∈ Tr(G/K) and φ′|Z(G/K) is a faithful character of Z(G/K).
Thus φ′ vanishes on G/K \ CG/K(Z2(G/K)) and hence φ vanishes outside
H = {x ∈ G: xK ∈ CG/K(Z2(G/K))}.
It therefore suffices to verify that H ⊆ Sψ . To that end, let x ∈ H and y ∈ N . Then, since
Z2(G)K/K ⊆ Z2(G/K) and N ⊆ Z2(G), [x, y] ∈ K ∩ N ∩ Z(G). Thus φ([x, y]) = 1 and
hence ψ([x, y]) = 1 since φ and ψ coincide on N ∩ Z(G). The description of Sψ in (i) now
shows that x ∈ Sψ . 
From now on, for this entire section except for Lemma 2.6, we assume that G is a centrally
inductive nilpotent group.
Lemma 2.2. Let τ be a trace of G such that τ |Z(G) is a faithful character of Z(G). Then τ
vanishes on G \Gf .
Proof. Let χ = τ |Z(G) and associate to χ the sets
Trχ (G) =
{
σ ∈ Tr(G): σ |Z(G) = χ
}
and Chχ (G) = Trχ (G) ∩ Ch(G).
Then Chχ (G) = ∂e(Trχ (G)) and hence
Trχ (G) = co
(
∂e
(
Trχ (G)
))= co(Chχ (G))
by the Krein–Milman theorem. Let σ be an arbitrary element of Chχ (G). Then K(σ) = {e} since
every non-trivial normal subgroup of a nilpotent group intersects the centre non-trivially. Since
G is centrally inductive, σ = σ˜ |Gf . This implies that τ ∈ Trχ (G) vanishes on G \Gf . 
Lemma 2.3. Let N be a normal subgroup of G which is contained in Z2(G) and let ψ ∈ Ch(N)
and ϕ ∈ Ch(Sψ) such that ϕ|N = ψ . Then indGSψ ϕ is a character of G.
Proof. Let φ = indGSψ ϕ and assume first that φ is faithful. Let τ ∈ Tr(G) be such that τ  cφ
for some c > 0. Then τ |Z(G) = φ|Z(G) since φ|Z(G) = ϕ|Z(G) ∈ Ẑ(G). Thus τ |Z(G) is a faithful
character and hence τ vanishes on G \Gf by Lemma 2.2. Since τ agrees with ψ on N ∩Z(G),
Lemma 2.1(ii) shows that τ also vanishes on G \ Sψ . So τ vanishes outside Sψ ∩ Gf , and for
φ ∈ Ch(G) it therefore suffices to show that φ|Sψ∩Gf ∈ Ch(Sψ ∩ Gf ,G). Since Sψ ∩ Gf is
normal in G (Lemma 2.1(i)), by the definition of induced traces φ|Sψ∩Gf = (ϕ|Sψ∩Gf )G. The
element ϕ|Sψ∩Gf of Ch(Sψ ∩ Gf ,Sψ) in turn is of the form ωSψ for some ω ∈ Ch(Sψ ∩ Gf ).
It follows that
φ|Sψ∩Gf =
(
ωSψ
)G = ωG and ωG ∈ Ch(Sψ ∩ Gf ,G),
as required.
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on G/K , Sψ/K and NK/K , respectively, by
φ′(xK) = φ(x), ϕ′(yK) = ϕ(y) and ψ ′(zK) = ψ(z),
for x ∈ G,y ∈ Sψ and z ∈ N . Then φ′ = indG/KSψ/K ϕ′, ϕ′ ∈ Ch(Sψ/K) and ψ ′ ∈ Ch(NK/K).
Moreover, ϕ′|NK/K = ψ ′ and Sψ/K = Sψ ′ . Since φ′ is faithful and NK/K ⊆ Z2(G/K), the
first part of the proof applies and yields that φ′ ∈ Ch(G/K). Hence φ is a character of G. 
The following lemma generalizes [28, Lemma 5.4].
Lemma 2.4. Let N be a normal subgroup of G which is contained in Z2(G) and let φ be a char-
acter of G. Then there exist ψ ∈ Ch(N) and ϕ ∈ Ch(Sψ) such that ϕ|N = ψ and indGSψ ϕ = φ.
Proof. We first reduce to the case where φ is faithful. Let K = K(φ) and, as usual, define
φ′ on G/K by φ′(xK) = φ(x), x ∈ G. Suppose the lemma has been established for faithful
characters. Then, since NK/K ⊆ Z2(G/K), there exist ψ ′ ∈ Ch(NK/K) and ϕ′ ∈ Ch(Sψ ′) such
that ϕ′|NK/K = ψ ′ and indG/KSψ ′ ϕ′ = φ′. Let q :G → G/K denote the quotient homomorphism.
Now define ψ ∈ Ch(N) and ϕ ∈ Ch(q−1(Sψ ′)) by ψ(n) = ψ ′(nK), n ∈ N , and ϕ(y) = ϕ′(yK),
y ∈ q−1(Sψ ′). Then Sψ = q−1(Sψ ′) and ϕ|N = ψ and indGSψ ϕ = φ.
Thus we can assume that φ is faithful. Then φ vanishes on Z2(G) \ Z(G), and hence on
N \ (N ∩ Z(G)) since N ⊆ Z2(G). Let χ = φ|N∩Z(G) and consider any ψ ∈ Ch(N) such that
ψ |N∩Z(G) = χ . Then, for every n ∈ N ,
φ(n) =
∫
(N/N∩Z(G))∧
ψ(n)λ(n)dλ,
where dλ denotes normalized Haar measure of the compact abelian group (N/N ∩ Z(G))∧.
Moreover, since χ is faithful, ψ = ψ˜ |Z(N) and Sψ = CG(Z(N)) for every such ψ (Lemma 2.1(i)).
In particular, Sψ depends only on χ . Let H = CG(Z(N)) and recall that φ, being faithful,
vanishes outside H ∩ Gf by Lemma 2.1(ii) and since G is centrally inductive. It therefore
remains to prove the existence of some ϕ ∈ Ch(H) such that ϕ|N ∈ Ch(N), Sϕ|N = H and
φ|H∩Gf = (ϕ|H∩Gf )G. To that end, let
Chχ (N) =
{
ψ ∈ Ch(N): ψ |H∩Z(G) = χ
}⊆ Ch(N,H)
and
Chχ (H) =
{
ϕ ∈ Ch(H): ϕ|N ∈ Chχ (N)
}
.
Let μ and ν denote the maximal measures on Tr(H) and on Tr(H ∩ Gf ,H) decomposing φ|H
and φ|H∩Gf , respectively. Moreover, let
r : Tr(H) → Tr(N,H) and s : Tr(H) → Tr(H ∩ Gf ,H)
360 E. Kaniuth / Journal of Functional Analysis 240 (2006) 349–372denote the respective restriction maps. Then Chχ (H) = r−1(Chχ (N)) and ν = s(μ), the image
of μ under s. Since the set Chχ (N) is closed in Tr(N,H), it follows from the above decomposi-
tion of φ|N that
μ
(
Chχ (H)
)= μ(r−1(Chχ (N)))= r(μ)(Chχ (N))= 1,
and hence
ν
(
s
(
Chχ (H)
))= s(μ)(s(Chχ (H)))= 1.
On the other hand, φ|H∩Gf = ωG for some ω ∈ Ch(H ∩ Gf ,H), and the orbit closure G(ω)
is a minimal closed G-invariant subset of Ch(H ∩ Gf ,H). Thus ν(G(ω)) = 1, and hence we
can assume that ω = ϕ|H∩Gf for some ϕ ∈ Chχ (H). It follows that φ|H∩Gf = (ϕ|H∩Gf )G and
ϕ|N = ψ for some ψ ∈ Chχ (N), and this finishes the proof. 
We summarize the preceding two lemmas as follows.
Theorem 2.5. Let G be a centrally inductive nilpotent group and N a normal subgroup of G that
is contained in Z2(G). If ψ ∈ Ch(N) and ϕ ∈ Ch(Sψ) such that ϕ|N = ψ , then indGSψ ϕ ∈ Ch(G),
and every character of G arises in this way.
For a subgroup H of G, let NG(H) denote the normalizer of H in G. We now aim at criteria
for when two such induced characters indGSψ1 ϕ1 and ind
G
Sψ2
ϕ2 are equal.
Lemma 2.6. Let H be a subgroup of G and for ϕ ∈ Tr(H), let φϕ = indGH ϕ. Then φϕ◦α = φϕ for
every ϕ ∈ Tr(H) and α ∈ InnNG(H)(H).
Proof. It is easily verified that Hϕ◦αy = Hϕ for every y ∈ NG(H). By definition of the topology
on Aut(H), this implies that Hϕ◦α = Hϕ for every α ∈ InnNG(H)(H). Therefore, to prove that
φϕ◦α = φϕ , we can assume that Hϕ = {e}. Hence both φϕ◦α and φϕ vanish on G \ Gf . Let
y ∈ NG(H) and x ∈ Gf , and let Ax be a representative system for the left cosets of CG(x)
in G. Since yAx is also a representative system and, for any a ∈ G, axa−1 ∈ H if and only if
(ya)x(ya)−1 ∈ H , it follows that
φϕ◦αy (x) =
[
G : CG(x)
]−1 ∑
a∈Ax
ϕ˜ ◦ αy
(
axa−1
)
= [G : CG(x)]−1 ∑
a∈Ax
ϕ˜ ◦ αy
(
yaxa−1y−1
)
= [G : CG(x)]−1 ∑
a∈Ax
ϕ˜
(
axa−1
)
= φϕ(x).
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yax(ya)−1 for all a ∈ G. Since ϕ˜ ◦ α(t) = ϕ˜(α(t)) for all t ∈ Gf , we obtain
φϕ◦α(x) =
[
G : CG(x)
]−1 ∑
a∈Ax
ϕ˜
(
yax(ya)−1
)= φϕ◦αy (x) = φϕ(x),
as was to be shown. 
Corollary 2.7. Let H be a subgroup of G and ϕ ∈ Tr(H). Moreover, let
F = {x ∈ H : xHϕ ∈ (G/Hϕ)f }.
Then
indGH ϕ = indGF (ϕ|F ◦ α)
for every α ∈ InnNG(F)(F ).
Proof. The statement follows from Lemmas 2.6 and 1.2(ii). 
Theorem 2.8. Suppose that G is a centrally inductive nilpotent group. Let H be a normal
subgroup of G, and let ϕ1 and ϕ2 be characters of H . Then the following two conditions are
equivalent:
(i) indGH ϕ1 = indGH ϕ2;
(ii) Hϕ1 = Hϕ2 and, with K = Hϕj and ϕ′j ∈ Ch(H/K) defined by ϕ′j (xK) = ϕj (x), x ∈ H ,
j = 1,2, there exists γ ∈ InnG/K(H/K ∩ (G/K)f ) such that
ϕ′2(xK) = ϕ′1
(
γ (xK)
)
for all x ∈ H such that xK ∈ (G/K)f .
Proof. (i) ⇒ (ii). Let φj = indGH ϕj , j = 1,2, and suppose first that Hϕ1 = Hϕ2 = {e}. Then,
since H is normal in G, φ1(x) = φ2(x) = 0 for all x ∈ G \ (H ∩Gf ). For each x ∈ H ∩ Gf ,
φj (x) =
∫
Γ
ϕj
(
γ (x)
)
dγ,
where Γ = InnG(H ∩ Gf ). Since H ∩ Gf ⊆ Hf , every ρ ∈ Tr(H ∩ Gf ,H) admits a unique
integral decomposition
ρ(x) =
∫
Ch(H∩Gf ,H)
τ (x) dμρ(τ), x ∈ H ∩Gf ,
over Ch(H ∩Gf ,H). We use this for φ1|H∩Gf and φ2|H∩Gf . Since
ϕ|H∩Gf ◦ γ ∈ Ch(H ∩Gf ,H)
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j = 1,2, from Γ into Ch(H ∩ Gf ,H) coincide. It follows that ϕ2|H∩Gf = ϕ1|H∩Gf ◦ γ for
some γ ∈ Γ .
Now drop the hypothesis that Hϕ1 = Hϕ2 = {e}. Then, since φ1 = φ2, Lemma 1.2(i) shows
that Hϕ1 = Hϕ2 . Denoting this normal subgroup by K and passing to G/K and H/K and the
characters ϕ′j :xK → ϕj (x) of H/K , j = 1,2, by what we have already shown there exists
γ ∈ InnH/K(H/K ∩ (G/K)f ) such that ϕ′2(xK) = ϕ′1(γ (xK)) for all x ∈ H such that xK ∈
(G/K)f .
(ii) ⇒ (i). Applying Lemma 2.6, we get
indG/KH/K ϕ
′
2 = indG/KH/K∩(G/K)f
(
ϕ′2|H/K∩(G/K)f
)
= indG/K
H/K∩(G/K)f
(
ϕ′1|H/K∩(G/K)f ◦ γ
)
= indG/KH/K∩(G/K)f
(
ϕ′1|H/K∩(G/K)f
)
= indG/KH/K ϕ′1.
Now, with q :G → G/K the quotient homomorphism, it follows that
indGH ϕ2 =
(
indG/KH/K ϕ
′
2
) ◦ q = (indG/KH/K ϕ′1) ◦ q = indGH ϕ1,
as was to be shown. 
Corollary 2.9. Let G be a centrally inductive nilpotent group, and let N be a normal subgroup
of G which is contained in Z2(G). Let ψj ∈ Ch(N) and ϕj ∈ Ch(Sψj ) such that ϕj |N = ψj ,
j = 1,2. Then the following conditions are equivalent:
(i) indGSψ1 ϕ1 = ind
G
Sψ2
ϕ2;
(ii) Sψ1 = Sψ2 and, denoting this subgroup by H , the characters ϕ1 and ϕ2 of H satisfy the
conditions in Theorem 2.8(ii).
Proof. In view of Theorem 2.8, it suffices to observe that if (i) holds then Sψ1 = Sψ2 . To see this,
let Nj = {x ∈ N : ψj([x,G]) = {1}} and recall from Lemma 2.1(i) that
Sψj =
{
y ∈ G: ψj
([y,Nj ])= {1}} (j = 1,2).
Thus
ψ1|N∩Z(G) =
(
indGSψ1 ϕ1
)∣∣
N∩Z(G) =
(
indGSψ2 ϕ2
)∣∣
N∩Z(G) = ψ2|N∩Z(G)
implies that Sψ1 = Sψ2 . 
To deduce some of the results in this section for countable groups G, we could have employed
[13, Theorem 4.3]. However, we did not want to consider only countable groups and also felt that
using the deep machinery of [13] is hardly justified in our context.
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In this entire section K(G) will denote the set of all subgroups of G equipped with Fell’s [11]
compact-open topology. Since G is discrete, a net (Hα)α in K(G) converges to H ∈K(G) if and
only if
H = {x ∈ G: x ∈ Hα for all α  α(x) for some index α(x)}.
For a nilpotent discrete group G, the mapping φ → I (φ) gives a surjection Ch(G) →
Prim(C∗(G)). In fact, for φ ∈ Ch(G), πφ is a factorial representation of C∗(G) and so its kernel
I (φ) is prime [9, (1.9.13)] and hence primitive [23]. Surjectivity follows from [8, Theorem 2.1],
but injectivity is known only in some special cases. In [18], which (as well as [19]) has been
a source of inspiration to several authors, injectivity was shown for elementary exponentiable,
finitely generated, torsion-free nilpotent groups. This result was extended in [21] to arbitrary fi-
nitely generated nilpotent groups (actually, finite extensions of them) and then further in [8] to
the case when the quotient group G/Gf is of finite rank (that is, every quotient in its central
series is of finite rank). Injectivity also holds when G is a nilpotent AIC group [5].
Let K be a compact simplex and ∂e(K) its set of extreme points. Recall that a convex subset F
of K is called a face if whenever x ∈ F is written as a proper convex combination x =∑ni=1 λixi ,
xi ∈ K , then xi ∈ F (i = 1, . . . , n). Then the set{
F ∩ ∂e(K): F a closed face in K
}
is the collection of closed sets for a topology on ∂e(K), which is called the facial topology and
has been introduced by Effros (see [1, 11.6] and [10]).
The facial topology on Ch(G) = ∂e(Tr(G)), more generally on Ch(N,G) = ∂e(Tr(N,G))
for a normal subgroup N of G, was studied in [5,8,22]. For any nilpotent group G, the map
k :φ → I (φ) from Ch(G) to Prim(C∗(G)) was shown to be continuous for the facial topol-
ogy on Ch(G) and the hull-kernel topology on Prim(C∗(G)) [5, Lemma 3.1]. In fact, k turned
out to be a homeomorphism when, in addition, G is either finitely generated [22, Theorem 2]
or an AIC group [5, Theorem 3.3]. Another interesting result concerns the restriction map
rN,M : Ch(N,G) → Ch(M,G), where M and N are normal subgroups of the nilpotent group
G such that M ⊆ N and N/M is contained in the centre of G/M . In [8, Lemma 2.3 and The-
orem 2.4] it was proved that r is continuous and open for the facial topologies and gives rise
to a homeomorphism between Ch(M,G) and the quotient space Ch(N,G)/N̂/M , where N̂/M
acts on Ch(N,G) by multiplication. If M and N are arbitrary normal subgroups of G such that
M ⊆ N , choose a sequence N = N0 ⊇ N1 ⊇ · · · ⊇ Nr = M of normal subgroups Nj such that
Nj−1/Nj is contained in the centre of G/Nj , 1  j  r . It then follows that rN,M , being the
composition of the maps rNj−1,Nj , is continuous and open.
For 2-step nilpotent locally compact groups G, in [3,4] a topological parametrization
of Prim(C∗(G)) was provided. We now proceed to define a set Q(G), which will lead to a
parametrization of Ch(G), and a suitable topology on Q(G).
Definition 3.1. Let G be a nilpotent group and let Q(G) denote the set of all pairs (H,ϕ), where
H is a normal subgroup of G and ϕ is a character of H such that indGH ϕ ∈ Ch(G).
For (H0, ϕ0) ∈Q(G), a finite subset F of G and  > 0, let U(H0, ϕ0,F, ) be the set of all
elements (H,ϕ) of Q(G) which satisfy the following condition: for each x ∈ F , either x /∈ H or
x ∈ H ∩H0 and |ϕ(x) − ϕ0(x)| < .
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on Q(G).
Proof. It is clear that (H0, ϕ0) ∈ U(H0, ϕ0,F, ) and that U(H0, ϕ0,F, ) ⊆ U(H0, ϕ0,F ′, ′)
whenever F ′ ⊆ F and   ′. To prove the lemma, it therefore suffices to show that given
(H0, ϕ0) ∈ U(H1, ϕ1,F1, 1)∩U(H2, ϕ2,F2, 2),
there exists  > 0 such that U(H0, ϕ0,F1 ∪F2, ) ⊆ U(Hj ,ϕj ,Fj , j ) for j = 1,2. To that end,
for j = 1,2, let
′j = max
{∣∣ϕ0(x)− ϕj (x)∣∣: x ∈ F ∩H0 ∩Hj}< j ,
and choose  > 0 such that  + ′j  j (j = 1,2). Let (H,ϕ) ∈ U(H0, ϕ0,F1, ) and x ∈ F1.
Then either x /∈ H (in which case nothing has to be shown) or x ∈ H ∩H0 and |ϕ(x)−ϕ0(x)| < 
and hence, since (H0, ϕ0) ∈ U(H1, ϕ1,F1, 1), we have x ∈ H1 and |ϕ0(x) − ϕ1(x)|  ′1. It
follows that ∣∣ϕ(x)− ϕ1(x)∣∣ ∣∣ϕ(x)− ϕ0(x)∣∣+ ∣∣ϕ0(x) − ϕ1(x)∣∣<  + ′1  1.
Thus U(H0, ϕ0,F1, ) ⊆ U(H1, ϕ1,F1, 1), and similarly
U(H0, ϕ0,F2, ) ⊆ U(H2, ϕ2,F2, 2). 
Remark 3.3. We endow Q(G) with this topology. Since K(G) and P(G) are compact, every
net (Hα,ϕα)α in Q(G) contains a subnet (Hαβ ,ϕαβ )β such that Hαβ → H for some H ∈K(G)
and ϕ˜αβ → ρ for some ρ ∈ P(G) pointwise. Using these facts, it is easily verified that a net
(Hα,ϕα)α in Q(G) converges to (H0, ϕ0) in Q(G) if and only if each subnet (Hαβ ,ϕαβ )β of
(Hα,ϕα)α contains in turn a further subnet (Hαβγ , ϕαβγ )γ with the following properties:
(i) Hαβγ → H in K(G) for some subgroup H of G such that H ⊆ H0.(ii) ϕ˜αβγ converges pointwise to some function in P(G).(iii) If x ∈ H , then ϕ0(x) = limγγ (x) ϕαβγ (x).
Of course, the set Q(G) is much to large to serve as a proper parametrizing space for Ch(G).
Moreover, that the trace indGH ϕ be a character is a condition in the definition rather than a conse-
quence of intrinsic properties of the pair (H,ϕ). Therefore, first turning to the class of nilpotent
AIC groups G, we replace Q(G) by a smaller set P(G) which lacks these disadvantages. Recall
that a group G is said to be a group with absolutely idempotent characters (or AIC group, for
short) if |φ|2 = |φ| holds for all φ ∈ Ch(G). Since, for a character φ of a group G and x ∈ G,
|φ(x)| = 1 if and only if x ∈ Z(φ), the condition that |φ|2 = |φ| is equivalent to that φ vanishes
on G \Z(φ) (see [5, p. 182]). It is clear that every 2-step nilpotent group is AIC and, though less
evident, every divisible nilpotent group is AIC [8, Theorem 4.2].
Lemma 3.4. Let G be a nilpotent AIC group and let P(G) be the set of all pairs (H,ϕ), where
H is a normal subgroup of G and ϕ is a multiplicative character of H with the property that
H/Hϕ equals the centre of G/Hϕ . Then P(G) ⊆Q(G), indGH ϕ = ϕ˜ for every (H,ϕ) ∈ P(G),
and the map (H,ϕ) → indG ϕ is a bijection between P(G) and Ch(G).H
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we can assume that Hϕ = {e}, so that ϕ is a faithful character of Z(G). Let φ be any character
of G such that φ|Z(G) is faithful. It follows from [5, Lemma 2.3] that φ = φ˜|Z(G) once we have
shown that φ vanishes on Gf \Z(G). Thus, let x ∈ Gf \Z(G), and recall from [5, Lemma 2.1]
that the conjugacy class xG of x is of the form xK for some normal subgroup K of G. Then
K = {e} and hence K ∩ Z(G) = {e} as G is nilpotent. Since φ|Z(G) is faithful, [5, Lemma 2.2]
yields that φ(x) = 0. Now, since Trϕ(G) = co(Chϕ(G)), it follows that ϕ˜ is the only trace of G
extending ϕ. In particular, ϕ˜ is a character and ϕ˜ = indGH ϕ.
The map (H,ϕ) → ϕ˜ is clearly injective on P(G). Finally, given φ ∈ Ch(G), let
H = {x ∈ G: ∣∣φ(x)∣∣= 1}= {x ∈ G: xK(φ) ∈ Z(G/K(φ))}
and ϕ = φ|H . Then ϕ is a multiplicative character of H and Hϕ = K(φ), and this implies that
indGH ϕ = φ. 
Theorem 3.5. Let G be a nilpotent AIC group and endow P(G) with the relative topology
of Q(G). Then the map (H,ϕ) → I (indGH ϕ) from P(G) to Prim(C∗(G)) is a homeomorphism.
Proof. In what follows, Ch(G) and Ch(N,G), for a normal subgroup N of G, carry the respec-
tive facial topologies. Since the map φ → I (φ) from Ch(G) to Prim(C∗(G)) is a homeomor-
phism, we have to show that the bijection ind : (H,ϕ) → indGH ϕ = ϕ˜ between P(G) and Ch(G)
(Lemma 3.3) is a homeomorphism.
Let F be a closed face of Tr(G) and E = F ∩Ch(G). If (H0, ϕ0) ∈ ind−1(E), then there exists
a net (Hα,ϕα)α ⊆ ind−1(E) with properties (i) and (ii) of Remark 3.4. Since Tr(G) is compact,
we can, moreover, assume that the net (ϕ˜α)α converges pointwise to some ρ ∈ Tr(G). Then
ρ = ρ˜|H and ρ|H = ϕ0|H , and ρ ∈ F since F is closed and ϕ˜α ∈ F for all α. Since F is a closed
face and G is nilpotent, F contains all elements of Ch(G) that extend ρ|H (compare the proof of
[5, Theorem 3.3]). It follows that ϕ0 ∈ F ∩ Ch(G) = E. This shows that ind is continuous.
To prove the openness of ind, let U be an open subset of P(G) and let (H0, ϕ0) be an arbitrary
element of U . It suffices to show that if (Hα,ϕα)α is a net in P(G) such that ϕ˜α → ϕ˜0 in Ch(G),
then some subnet of (Hα,ϕα)α converges to (H0, ϕ0) in P(G). Since both K(G) and Tr(G) are
compact, after successively passing to subnets, we can assume that there are subgroups H and
K of G and ϕ ∈ Tr(G) such that Hα → H and K(ϕ˜α) → K in K(G) and ϕ˜α → ϕ pointwise.
We have to show that H ⊆ H0 and ϕ0|H = ϕ|H . Let x ∈ H and let N denote the normal
subgroup of G generated by x. Since Hα → H , there exists an index α(x) such that x ∈ Hα (and
hence N ⊆ Hα) for all α  α(x). From ϕ˜α → ϕ˜0 in Ch(G) we deduce that ϕα|N = ϕ˜α|N → ϕ˜0|N
in Ch(N,G). Let Γ denote the set of all multiplicative, G-invariant characters of N . Then Γ is
closed in Ch(N,G), and on Γ the facial topology and the topology of pointwise convergence
coincide. Since ϕα|N ∈ Γ for α  α(x), it follows that ϕ˜0|N ∈ Γ and hence |ϕ˜0(x)| = 1. Thus
x ∈ H0 and ϕ0(x) = limα ϕα(x) = ϕ(x). Since x ∈ H was arbitrary, we conclude that H ⊆ H0
and ϕ0|H = ϕ|H . 
We now proceed to finitely generated nilpotent groups which turn out to be considerably more
complicated. Note that since such groups G are countable we can use sequences rather than nets
to describe convergence in spaces of traces, in K(G) and in Prim(C∗(G)). In the proof of the
next theorem, we shall exploit the following facts for a finitely generated nilpotent group G (see
[6,27] and [2, (1.2)]).
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(2) Let N and M be normal subgroups of G such that M ⊆ N and N/M is finite. If M ⊆ Gf ,
then N ⊆ Gf .
(3) Every subgroup of G is finitely generated as well.
It follows from (3) that a sequence of subgroups Fn, n ∈ N, of G converges to F in K(G) if and
only if F =⋂∞n=N Fn for some N ∈ N.
Theorem 3.6. Let G be a finitely generated nilpotent group. Then the map (H,ϕ) → I (indGH ϕ)from Q(G) to Prim(C∗(G)) is continuous and open.
Proof. Since the map φ → I (φ) from Ch(G) to Prim(C∗(G)) is a homeomorphism for the
facial topology on Ch(G) [22], we have to show that the map (H,ϕ) → indGH ϕ = ϕ˜ from Q(G)
to Ch(G) is continuous and open.
Let (Hn,ϕn) ∈Q(G), n ∈ N, be given. For each n ∈ N, let φn = indGHn ϕn and
Kn = K(φn) =
{
x ∈ Hn: ϕn
(
yxy−1
)= 1 for all y ∈ G}.
Let K =⋂∞n=1 Kn and H =⋂∞n=1 Hn, and suppose that the sequences (Kn)n, (Hn)n, (φn)n and
(ϕn)n have the following properties:
(1) Kn → K and Hn → H in K(G).
(2) φn → φ and ϕn|H → ϕ pointwise for some φ ∈ Tr(G) and ϕ ∈ Tr(H), respectively.
(3) ϕ˜n(x) → 0 for all x ∈ G \H .
Let q :G → G/K denote the quotient homomorphism and define normal subgroups L and C
of G by
L = q−1((G/K)f ) and C = q−1(CG/K((G/K)f )).
Observe first that φ|L ∈ Ch(L,G). Indeed, for any group M , Ch(Mf ,M) is closed in Tr(Mf ,M)
with respect to the topology of pointwise convergence, and since φn|L → φ|L pointwise and
φn|L ∈ Ch(L/K,G/K) ◦ q = Ch
(
(G/K)f ,G/K
) ◦ q,
we conclude that φ|L ∈ Ch(L/K,G/K) ◦ q . Since L/K = (G/K)f and L/K is finitely gen-
erated, C has finite index in G. Let A be a coset representative system for C in G. Then
xG ⊆⋃a∈A axa−1K for all x ∈ L. Since φn(K) = {1} for all n ∈ N, it follows that
φ(x) = lim
n→∞φn(x) = limn→∞|A|
−1∑
a∈A
ϕ˜n
(
axa−1
)= |A|−1∑
a∈A
ϕ˜
(
axa−1
)
= |A|−1
∑
a∈A
(ϕ|H∩L)∼
(
axa−1
)
for every x ∈ L. Since H ∩ L is normal in G, φ vanishes on L \ (H ∩ L). By Lemma 2 of [22],
φ also vanishes on G \L, and hence φ = (φ|H∩L)∼.
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of Ch(G), that is, E = F ∩ Ch(G) for some closed face F of Tr(G). Let (H0, ϕ0) ∈ ind−1(E)
and φ0 = indGH0 ϕ0. By definition of the topology on Q(G), there exists a sequence (Hn,ϕn)n
in ind−1(E) with properties (i)–(iii) of Remark 3.3. Then (1) and (2) above are satisfied. Since
P(G) is compact, after passing to a subsequence, we can, moreover, assume that the sequence
(ϕ˜n)n converges pointwise. If x ∈ G \H , then since Hn → H in K(G), x /∈ Hn frequently. Thus
ϕ˜n(x) → 0, so that (3) holds.
We claim that φ0|H∩L = φ|H∩L. Since ϕ is the pointwise limit of ϕn|H , by property (iii),
ϕ0|H0∩H∩L  c(ϕ|H0∩H∩L)H0 for some c > 0. Now, for x ∈ H ∩L,
φ0(x) = |A|−1
∑
a∈A
ϕ˜0
(
axa−1
)= |A|−1∑
a∈A
(ϕ0|H0∩H∩L)∼
(
axa−1
)
.
It follows that
φ0|H0∩H∩L = |A|−1
∑
a∈A
(
(ϕ0|H0∩H∩L)∼
)a = ((ϕ0|H0∩H∩L)∼)G
 c
(
(ϕ|H0∩H∩L)H0
)G = c (ϕ|H0∩H∩L)G
= cφ|H0∩H∩L.
Since φ|H0∩H∩L ∈ Ch(H0 ∩H ∩L,G), we get that φ0|H0∩H∩L = φ|H0∩H∩L. Now, by the above
formula, φ0(x) = 0 for all x ∈ (H ∩ L) \ (H0 ∩H ∩L).
Let Z = {x ∈ G: xK ∈ Z(G/K)}. Then Z has finite index in L since L/K = (G/K)f and
G/K is a finitely generated nilpotent group. Moreover, since φn ∈ Ch(G/K) ◦ q , |φn(x)| = 1 for
every x ∈ C, and by definition of indGHn ϕn, this implies that C ⊆ Hn. Thus C ⊆
⋂∞
n=1 Hn = H ,
and similarly C ⊆ H0. In particular, H0 ∩ H ∩ L has finite index in L. This implies that
φ|H∩L 
[
(H ∩L) : (H0 ∩ H ∩ L)
]
(φ|H0∩H∩L)∼
= [(H ∩L) : (H0 ∩ H ∩ L)](φ0|H0∩H∩L)∼
= [(H ∩L) : (H0 ∩ H ∩ L)]φ0|H∩L.
Using that φ0|H∩L ∈ Ch(H ∩ L,G), we conclude that φ|H∩L = φ0|H∩L, proving the above
claim. Since φn = indGHn ϕn ∈ E for all n, it follows that φ = limn→∞ φn ∈ F . Finally, let μ
denote the unique Choquet measure on Ch(G) decomposing φ = (φ|H∩L)∼. Then, since G is
countable and nilpotent, the fact that φ0 ∈ Ch(G) and φ0|H∩L = φ|H∩L implies that φ0 ∈ suppμ
(compare the proof of [5, Theorem 3.3]). On the other hand, since φ ∈ F and F is a closed face
of Tr(G), suppμ ⊆ F . Thus φ0 ∈ F ∩ Ch(G) = E. This finishes the proof of continuity.
To prove the openness of ind, let U be an open subset of Q(G). For each a ∈ G, let Ua =
{(H,ϕa): (H,ϕ) ∈ U}. It is obvious from the definition of the topology on Q(G), that Ua is
open, and hence V =⋃a∈G Ua is open inQ(G). It therefore suffices to show that ind(V ) is open
in Ch(G). To that end, it suffices to show that given (H0, ϕ0) ∈ V and any sequence (Hn,ϕn)n
in Q(G) such that φn = indGHn ϕn → φ0 = indGH0 ϕ0 in Ch(G), then there exists a subsequence
(Hnj , ϕnj )j of (Hn,ϕn)n such that (Hnj , ϕnj ) → (H0, ϕa00 ) for some a0 ∈ G. Again we can
assume that properties (i)–(iii) of Remark 3.3 are satisfied.
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topologies, φn|L → φ0|L in Ch(L/K,G/K). Now, since L/K = (G/K)f , the facial topol-
ogy and the topology of pointwise convergence on Ch(L/K,G/K) coincide. Thus φ0(x) =
limn→∞ φn(x) for all x ∈ L. It follows that φ|L = φ0|L. Thus, for x ∈ H0 ∩H ∩L,∑
a∈A
ϕ0
(
axa−1
)= |A|φ0(x) = |A|φ(x) =∑
a∈A
ϕ
(
axa−1
)
,
and this shows that
ϕ0|H0∩H∩L  |A|(ϕ|H0∩H∩L)G = |A|
(
(ϕ|H0∩H∩L)H0
)G
.
Since ϕ0|H0∩H∩L ∈ Ch(H0 ∩H ∩L,H0), it follows that, for some a ∈ G,
ϕ0|H0∩H∩L  |A|
(
(ϕ|H0∩H∩L)H0
)a = |A|(ϕa|H0∩H∩L)H0 .
Thus the sequence (Hn,ϕn)n has the accumulation point (H0, ϕa
−1
0 ) ∈ V . Since V is open,
(Hn,ϕn) ∈ V and hence φn ∈ ind(V ) frequently. 
Let N be a normal subgroup of G which is contained in Z2(G) and let QN(G) denote the
set of all pairs (ψ,ϕ), where ψ ∈ Ch(N) and ϕ ∈ Ch(Sψ) such that ϕ|N = ψ . By Lemma 2.3,
indGSψ ϕ ∈ Ch(G), and by Lemma 2.4, every character φ of G arises in this way. Thus (ψ,ϕ) →
indGSψ ϕ maps QN(G) onto Ch(G).
Proposition 3.7. Let G be a finitely generated nilpotent group and φ ∈ Ch(G). Then there exists
a smallest normal subgroup H of G such that φ = indGH ϕ for some ϕ ∈ Ch(H). Moreover,
H/K(φ) ⊆ (G/K(φ))f and any two such ϕ are conjugate.
Proof. Let Qφ(G) = {(H,ϕ) ∈Q(G): indGH ϕ = φ}, and observe first that Qφ(G) is non-empty
since for any normal subgroup N of G, which is contained in Z2(G), the mapQN(G) → Ch(G)
is surjective. If (H,ϕ) ∈Qφ(G), then K = {x ∈ G: φ(x) = 1} is contained in H . Thus passing
to G/K , we can assume that φ is faithful. Then φ = φ˜|Gf and, for x ∈ Gf ,
φ(x) = [G : CG(Gf )]−1 ∑
a∈G/CG(Gf )
(ϕ|H∩Gf )∼
(
axa−1
)
.
Since H ∩ Gf is normal in G, this means that φ = indGH∩Gf (ϕ|H∩Gf ). Now
ϕ|H∩Gf ∈ Ch(H ∩Gf ,H)
and hence ϕ|H∩Gf = ψH for some ψ ∈ Ch(H ∩ Gf ). It follows that φ = indGH∩Gf ψ and (H ∩
Gf ,ψ) ∈Qφ(G).
Notice next that if (H1, ϕ1) and (H2, ϕ2) are elements ofQφ(G) such that H1,H2 ⊆ Gf , then
(H1 ∩ H2,ψ) ∈Qφ(G) for some ψ ∈ Ch(H1 ∩ H2). This follows by much the same argument
as in the preceding paragraph by using that φ vanishes on G \ (H1 ∩ H2) since H1 and H2 are
normal in G and φ = indG ϕj , j = 1,2.Hj
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whenever (H,ϕ) ∈Qφ(G), it follows that the set{
H ∩Gf : (H,ϕ) ∈Qφ(G) for some ϕ ∈ Ch(H)
}
is finite. Combining now the first two paragraphs of the proof shows that there exists a smallest
normal subgroup H of G such that φ = indGH ϕ for some ϕ ∈ Ch(H).
To finish the proof, let K = K(φ) and let q :G → G/K denote the quotient homomorphism.
Let H be a normal subgroup of G containing K such that H/K ⊆ (G/K)f , and let ϕ1 and
ϕ2 be characters of H satisfying indGH ϕj = φ (j = 1,2). Moreover, let ϕ′j ∈ Ch(H/K) so that
ϕj = ϕ′j ◦ q . By Theorem 2.8, there exists γ ∈ InnG/K(H/K) such that ϕ′2(xK) = ϕ′1(γ (xK))
for all x ∈ H . Now, since H/K is finitely generated and contained in (G/K)f , the centralizer
of H/K has finite index in G/K . Thus InnG/K(H/K) is a finite group, and hence there exists
a ∈ G such that ϕ′2(xK) = ϕ′1(axa−1K) for all x ∈ H . It follows that
ϕ2(x) = ϕ′2(xK) = ϕ′1
(
axa−1K
)= ϕ1(axa−1)
for all x ∈ H , whence ϕ2 = ϕa1 . 
We are now going to characterize the pairs (H,ϕ) such that (H,ϕ) ∈Q(G) and H is minimal
in the sense of Proposition 3.7.
Lemma 3.8. Let N and M be normal subgroups of G such that M ⊆ N , [N : M] < ∞ and
N/M ⊆ Z(G/M). Let α ∈ Ch(N) and β ∈ Ch(M), and suppose that N/Nα ⊆ (G/Nα)f (equiv-
alently, M/Mβ ⊆ (G/Mβ)f ) and that α|M = βN . Then the following two conditions are equiv-
alent:
(i) indGN α = indGM β;
(ii) for every χ ∈ N̂/M , χα is conjugate to α.
Proof. We first show that N/Nα ⊆ (G/Nα)f is equivalent to M/Mβ ⊆ (G/Mβ)f . Since α|M =
βN , we have Nα ∩ M = Mβ . Assume that N/Nα ⊆ (G/Nα)f and let x ∈ M . Then there exists
a finite subset F of M such that xG ⊆ FNα , and hence xG ⊆ FNα ∩M = F(Nα ∩M) = FMβ .
Conversely, assume that M/Mβ ⊆ (G/Mβ)f . Then MNα/Nα ⊆ (G/Nα)f as Mβ ⊆ Nα . Since
N/MNα is finite and G/Nα is a finitely generated nilpotent group, it follows that N/Nα ⊆
(G/Nα)f .
Now, let φ = indGN α. To prove that (i) and (ii) are equivalent, we can assume that Nα = {e},
so that N ⊆ Gf and φ|N = αG.
(i) ⇒ (ii). Let χ ∈ N̂/M and denote by ∼ the trivial extension of functions on M to N . Then,
since N/M ⊆ Z(G/M),
(χα)G = χ · αG = χ · φ|N = χ · φ˜|M = χ · β˜G = β˜G = αG.
Since CG(N) has finite index in G, it follows that χα = αa for some a ∈ G.
(ii) ⇒ (i). For every χ ∈ N̂/M , choose aχ ∈ G such that χα = αaχ . Then
χ · φ|N = χ · αG = (χα)G = (αaχ )G = αG = φ|N
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φ(x) = [N : M]−1φ(x)
∑
χ∈̂N/M
χ(x) = 0
for all x ∈ N \M . Since φ|M = (α|M)G = (βN)G = βG, (i) follows. 
Proposition 3.9. Let H be a normal subgroup of G. Then H is the smallest normal subgroup for
some character of G in the sense of Proposition 3.7 if and only if there exists ϕ ∈ Ch(H) with
the following properties:
(1) H/Hϕ ⊆ (G/Hϕ)f .
(2) If L is any normal subgroup of G such that L is properly contained in H and H/L ⊆
Z(G/L), then there exists χ ∈ Ĥ/L such that χϕ is not conjugate to ϕ.
(3) If K is any normal subgroup of G such that H ⊆ K and K/Hϕ ⊆ (G/Hϕ)f and ψ ∈ Ch(K)
is such that ψ |H = ϕK , then χψ is conjugate to ψ for every multiplicative, G-invariant
character χ of K with χ(H) = {1}.
Proof. Suppose first that φ is a character of G and that H is the smallest normal subgroup of G
such that φ = indGH ϕ for some ϕ ∈ Ch(H). Then (1) holds since G is finitely generated. Let L
be the subgroup of G generated by [H,G] ∪Z(φ) and let ψ ∈ Ch(L) such that ψH = ϕ|L. If (2)
does not hold then, applying Lemma 3.8, (ii) ⇒ (i) with (N,α) = (H,ϕ) and (M,β) = (L,ψ),
yields that φ = indGL ψ , which contradicts L = H . If (3) fails, then there exist a normal subgroup
K of G with H ⊆ K and K/Hϕ ⊆ (G/Hϕ)f , some ψ ∈ Ch(K) with ψ |H = ϕK and some
multiplicative, G-invariant character χ of K such that χ(H) = {1} and χψ is not conjugate
to ψ . Since
[K : H ] = [(K/Hϕ) : (H/Hϕ)] [(G/Hϕ)f : (H/Hϕ)]< ∞,
we can apply Lemma 3.8, (i) ⇒ (ii) with (M,β) = (H,ϕ) and (N,α) = (K,ψ) to conclude that
indGH ϕ = indGK ψ . This contradicts φ ∈ Ch(G) since ψ = φ˜|H and (indGK ψ)|H = (indGH ϕ)|H =
φ|H .
Conversely, suppose that (1)–(3) hold, and let φ = indGH ϕ. To show that φ ∈ Ch(G) and that
H is smallest possible in the sense of Proposition 3.7, we can assume that K(φ) = Hϕ = {e},
so that H ⊆ Gf . If H is not smallest possible then, since G is nilpotent, there exists a normal
subgroup L of G such that L is a proper subgroup of H and H/L is finite and contained in
Z(G/L) and φ = φ˜|L. This implies that (χϕ)G = χ · ϕG = ϕG and hence that χϕ is conjugate
to ϕ for each χ ∈ Ĥ/L, contradicting (2).
We show next that φ|Gf ∈ Ch(Gf ,G). To that end, choose a descending series Gf = Hr ⊇
Hr−1 ⊇ · · · ⊇ H0 = H of normal subgroups Hj of G such that Hj/Hj−1 ⊆ Z(G/Hj−1). As-
sume that we already know that φ|Hj−1 ∈ Ch(Hj−1,G) and choose ψ ∈ Ch(Hj ) such that ψ |H =
ϕHj and φ|Hj−1 = (ψ |Hj−1)G. Then ψG ∈ Ch(Hj ,G) and, since Hj/Hj−1 ⊆ Z(G/Hj−1), every
σ ∈ Ch(Hj ,G) satisfying σ |Hj−1 = ψG|Hj−1 is of the form σ = χσψG for some χσ ∈ ̂Hj/Hj−1.
By (3), χσψ is conjugate to ψ and hence σ = χσψG = (χσψ)G = ψG for every such σ . Now,
since G is countable, φ|Hj admits a decomposition φ|Hj =
∫
σ dμj (σ ), where σ extendsCh(Hj ,G)
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we conclude that φ|Gf ∈ Ch(Gf ,G).
Finally, since G is countable, φ = ∫Ch(G) τ dμ(τ), where μ-almost all τ extend φ|Gf ∈
Ch(Gf ,G). Since φ is faithful, every such τ is faithful as well because otherwise the normal
subgroup K(τ) would intersect Z(G) non-trivially. Thus τ = τ˜ |Gf for every such τ , and this
implies that φ = ψ˜ |Gf ∈ Ch(G). 
Theorem 3.6 and Propositions 3.7 and 3.9 now quickly lead to an appropriate topological
parametrization of Prim(C∗(G)) for finitely generated nilpotent groups G. Let P(G) denote the
set of all pairs (H,ϕ) of normal subgroups H of G and characters ϕ of H satisfying condi-
tions (1)–(3) of Proposition 3.9. Then P(G) ⊆ Q(G), and the map (H,ϕ) → I (indGH ϕ) from
P(G) to Prim(C∗(G)) is surjective, and it is continuous and open by Theorem 3.6. Of course,
if (H,ϕ) ∈ P(G) and a ∈ G, then (H,ϕa) ∈ P(G). Moreover, if (H1, ϕ1) and (H2, ϕ2) are
elements of P(G), then indGH1 ϕ1 = indGH2 ϕ2 if and only if H1 = H2 and ϕ2 = ϕa1 for some
a ∈ G (Proposition 3.7). Now, define an equivalence relation on P(G) by (H1, ϕ1) ∼ (H2, ϕ2) if
H1 = H2 and ϕ1 and ϕ2 are conjugate. Endowing P(G) with the relative topology of Q(G), we
thus get
Theorem 3.10. Let G be a finitely generated nilpotent group, and let P(G) be the space defined
above. Then the map (H,ϕ) → I (indGH ϕ) induces a homeomorphism from the quotient space
P(G)/ ∼ to Prim(C∗(G)).
Acknowledgment and concluding remarks
The author is grateful to the referee for drawing attention to [14,20] and requesting to com-
ment on connections to and possible impact on the present investigation.
To start with, let G be a connected and simply connected nilpotent Lie group and g its Lie
algebra. Then the Kirillov map between the coadjoint orbit space g∗/G and the dual space Ĝ
of G is a homeomorphism. In [20] a proof of this famous result was provided by exploiting
convergence in Fell’s topology [12] on the set of subgroup-representation pairs. The question
arises of whether the treatment of subgroup–character pairs in Section 3 of this paper could
be shortened by using ideas from [20]. However, there are several reasons for that this is not
the case. We just mention two of them. Firstly, when G is a simply connected nilpotent Lie
group, any irreducible representation of G is either infinite-dimensional or one-dimensional.
In particular, the set of all infinite-dimensional π ∈ Ĝ is open in Ĝ. Secondly, every infinite-
dimensional irreducible representation of G is induced from a (normal) subgroup H such that
G/H = R. These facts are substantially used in [20]. There are no similar features of Ĝ or
Prim(C∗(G)) when G is a (finitely generated) nilpotent discrete group. As a result it is quite
natural that the proof of Theorem 3.10 is fairly complicated.
As the referee pointed out, there is a notion of induced trace for twisted crossed products
C∗(G,A, τ) (see [14]). However, this does not comprise the setting of this paper since in [14] the
induced trace indν is only formed when N is a normal subgroup of G and ν is a (essentially) G-
invariant trace of C∗(N,A, τ). In this context one should emphasize that the purpose of a Mackey
analysis for characters (indecomposable traces) of a group G is to realize a given character of G
as a trace induced from a character of some ‘little’ subgroup of G.
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